Abstract. We establish in this paper some inequalities for analytic and convex functions on an open interval and positive normalized functionals defined on a Hermitian unital Banach * -algebra. Reverses and refinements of Jensen's and Slater's type inequalities are provided. Some examples for particular convex functions of interest are given as well.
Introduction
We need some preliminary concepts and facts about Banach * -algebras. Let A be a unital Banach * -algebra with unit 1. An element a ∈ A is called selfadjoint if a * = a. A is called Hermitian if every selfadjoint element a in A has real spectrum σ (a) , namely σ (a) ⊂ R.
We say that an element a is nonnegative and write this as a ≥ 0 if a * = a and σ (a) ⊂ [0, ∞) . We say that a is positive and write a > 0 if a ≥ 0 and 0 / ∈ σ (a) . Thus a > 0 implies that its inverse a −1 exists. Denote the set of all invertible elements of A by Inv (A) . If a, b ∈ Inv (A) , then ab ∈ Inv (A) and (ab) −1 = b −1 a −1 . Also, saying that a ≥ b means that a − b ≥ 0 and, similarly a > b means that a − b > 0.
The Shirali-Ford theorem asserts that if A is a unital Banach * -algebra [14] (see also [2, Theorem 41.5] ), then (SF) |a| 2 := a * a ≥ 0 for every a ∈ A.
Based on this fact, Okayasu [13] , Tanahashi and Uchiyama [15] proved the following fundamental properties (see also [9] 
In order to introduce the real power of a positive element, we need the following facts [2, Theorem 41.5] .
Let a ∈ A and a > 0, then 0 / ∈ σ (a) and the fact that σ (a) is a compact subset of C implies that inf{z : z ∈ σ (a)} > 0 and sup{z : z ∈ σ (a)} < ∞. Choose γ to be close rectifiable curve in {Re z > 0}, the right half open plane of the complex plane, such that σ (a) ⊂ ins (γ) , the inside of γ. Let G be an open subset of C with σ (a) ⊂ G. If f : G → C is analytic, we define an element f (a) in A by
It is well known (see for instance [3, pp. 201-204] ) that f (a) does not depend on the choice of γ and the Spectral Mapping Theorem (SMT)
holds.
For any α ∈ R we define for a ∈ A and a > 0, the real power
where z α is the principal α-power of z. Since A is a Banach * -algebra, then a α ∈ A. Moreover, since z α is analytic in {Re z > 0}, then by (SMT) we have
Following [9] , we list below some important properties of real powers:
(viii) If 0 < a ∈ A and α ∈ R, then a α ∈ A with a α > 0 and a
Okayasu [13] showed that the Löwner-Heinz inequality remains valid in a Hermitian unital Banach * -algebra with continuous involution, namely if a, b ∈ A and
an open subset of C and for the real interval I ⊂ G assume that f (z) ≥ 0 for any z ∈ I. If u ∈ A such that σ (u) ⊂ I, then by (SMT) we have
Therefore, we can state the following fact that will be used to establish various inequalities in A, see also [5] . Lemma 1. Let f (z) and g (z) be analytic in G, an open subset of C and for the real interval I ⊂ G, assume that f (z) ≥ g (z) for any z ∈ I. Then for any u ∈ A with σ (u) ⊂ I we have f (u) ≥ g (u) in the order of A.
Definition 1.
Assume that A is a Hermitian unital Banach * -algebra. A linear functional ψ : A → C is positive if for a ≥ 0 we have ψ (a) ≥ 0. We say that it is normalized if ψ (1) = 1.
We observe that the positive linear functional ψ preserves the order relation, namely if a ≥ b then ψ (a) ≥ ψ (b) and if β ≥ a ≥ α with α, β real numbers, then
In the recent paper [6] we established the following McCarthy type inequality:
Assume that A is a Hermitian unital Banach * -algebra and ψ : A → C a positive normalized linear functional on A.
(i) If p ∈ (0, 1) and a ≥ 0, then
(ii) If q ≥ 1 and b ≥ 0, then
In [7] and [8] we obtained the following result for analytic convex functions: 
Motivated by these results we establish in this paper some inequalities for analytic and convex functions on an open interval and positive normalized functionals defined on a Hermitian unital Banach * -algebra. Reverses and refinements of Jensen's and Slater's type inequalities are provided. Some examples for particular convex functions of interest are given as well.
Some Reverses
We have: 
We also have
Proof. By the convexity of f on [m, M ] we have for any z ∈ [m, M ] that
Using Lemma 1 we have by (2.3) for any selfadjoint element c ∈ A with σ (c)
If we take in this inequality the functional ψ we get the following reverse of Jensen's inequality
This generalizes the scalar Lah-Ribarić inequality for convex functions that is well known in the literature, see for instance [10, p. 57] for an extension to selfadjoint operators in Hilbert spaces. Define
and since, obviously
we have the desired result (2.1). From (2.7) we have
that proves (2.2).
We also have:
With the assumptions of Theorem 3 we have
Proof. First of all, we recall the following result obtained by the author in [4] that provides a refinement and a reverse for the weighted Jensen's discrete inequality:
n min i∈{1,...,n}
where Φ : C → R is a convex function defined on the convex subset C of the linear space X, {x i } i∈{1,...,n} ⊂ C are vectors and {p i } i∈{1,...,n} are nonnegative numbers with P n := n i=1 p i > 0. For n = 2 we deduce from (2.9) that 2 min {t, 1 − t}
for any x, y ∈ C and t ∈ [0, 1] . If we use the second inequality in (2.10) for the convex function f :
On making use of the first inequality in (2.7) and (2.12) we get the first part of (2.8).
The last part follows by the fact that m ≤ ψ (c) ≤ M.
Refinements and Reverses
We start with the following result: 
Proof. Using Taylor's representation with the integral remainder we can write the following identity
for any z, t ∈I, the interior of I. For any integrable function h on an interval and any distinct numbers c, d in that interval, we have, by the change of variable
The identity (3.4) can then be written as
For n = 1 we get
for any z, t ∈I. By the condition (3.1) we have
and by (3.6) we get the double inequality 
If we take in this inequality the functional ψ we get (3.2). Fix z ∈ [m, M ] . Using Lemma 1 and the inequality (3.7) we obtain for the element c ∈ A with σ (c) ⊆ [m, M ] ⊂ I the following inequality in the order of A
If we take in this inequality the functional ψ we get 1 2
If we replace z with t we get the desired result (3.3).
Corollary 1.
With the assumptions of Theorem 5 we have the Jensen's type inequalities
Follows by Theorem 5 on choosing
Corollary 2. With the assumptions of Theorem 5 we have
Follows by Theorem 5 on choosing t = 
+ ψ (f (c))
Follows by Follows by Theorem 5 on choosing t = ψ(cf ′ (c))
. We observe that a sufficient condition for this to happen is that f ′ (c) > 0 and ψ (f ′ (c)) > 0. 
and From (3.13) and (3.14) we also have 1 m 3 ψ
